The chirality of chiral multifold fermions in reciprocal space is related to the chirality of the crystal lattice structure in real space. In this work, we propose a strategy to detect and identify oppositechirality multifold fermions in nonmagnetic systems by means of second-order optical transports. The chiral crystals are related by an inversion operation and cannot overlap with each other by any experimental operation, and the chiral multifold fermions in the crystals host opposite chiralities for a given k-point. A change of chirality is indicated by a sign change of the second-order charge current dominated by chiral fermions. This strategy is effective to study the relationship between chiralities in reciprocal and real spaces by utilizing bulk transport.
The chirality of chiral multifold fermions in reciprocal space is related to the chirality of the crystal lattice structure in real space. In this work, we propose a strategy to detect and identify oppositechirality multifold fermions in nonmagnetic systems by means of second-order optical transports. The chiral crystals are related by an inversion operation and cannot overlap with each other by any experimental operation, and the chiral multifold fermions in the crystals host opposite chiralities for a given k-point. A change of chirality is indicated by a sign change of the second-order charge current dominated by chiral fermions. This strategy is effective to study the relationship between chiralities in reciprocal and real spaces by utilizing bulk transport.
Multifold massless fermions with nonzero topological charge are attracting increasing attention in the field of topological materials. In contrast to four-fold degenerate Dirac and doubly degenerate Weyl fermions, which have directly analogous fundamental particles in high-energy physics, multifold fermions do not follow the Poincaré symmetry in high-energy physics; rather, they follow the crystal symmetry and, therefore, do not have counterparts among real particles. [1, 2] . More interestingly, the multifold fermions in chiral crystals can host nonzero topological charges with a Chern number greater than 1, which results in both nontrivial topological surface states and exotic bulk transport properties.
Since multifold fermions are located at high-symmetry points, they guarantee long surface Fermi arcs spanning the entire Brillouin zone (BZ) [3] [4] [5] [6] . In addition to the huge separation of opposite topological charges in momentum space, the absence of mirror symmetry leads to their large separation in energy space, providing an ideal platform for the study of the quantized circular photogalvanic effect (CPGE) [3, 5, 7, 8] . Soon after theoretical prediction, the long Fermi arcs, high-order degenerated band crossings, and quantized CPGE were observed in the predicted chiral crystals by ARPES [9] [10] [11] [12] [13] and optical measurements [14] .
Recently, via ARPES measurements, a sign change of the Fermi velocity of surface Fermi arcs was observed in semimetals having chiral multifold fermions and crystals of opposite chiralities, implying a deep relationship between the chiral lattices in real space and the chiral fermions in momentum space [13] . This relationship offers a new degree of freedom to tune the chiral fermions and corresponding physical properties. Hence, it is important to understand the relationship of chirality between real and reciprocal spaces as well as the resulting phenomena. In the present study, based on a symmetry analysis and numerical calculations, we provide a strategy for detecting the interplay between chiral fermions * ysun@cpfs.mpg.de and chiral crystals from the transport perspective. Since the crystal structures of the same compound with opposite chiralities are related by an inversion operation, the relationship between chiral fermions and chiral crystals can be detected by means of nonlinear optical and electrical transports.
Here, we focus on materials in the space group P 2 1 3 because, to date, all the experimentally verified materials with chiral multifold fermions belong to this space group. For a crystal with the space group P 2 1 3, owing to the glide two-fold rotation symmetry (s 2x = c 2x |( 1 2 1 2 0) , s 2y = c 2y |(0 1 2 1 2 ) , and s 2z = c 2z |( 1 2 0 1 2 ) ), corresponding glide mirror operations can be obtained through a simple inversion operation. Therefore, chiral crystals with opposites chiralities in the space group P 2 1 3 are connected by a simple inversion operation, as shown in Fig. 1(a,b) . In any other crystal structure without c 2 or glide c 2 rotation symmetry, a mirror operation can be also equivalent to an inversion operation in combination with an experimental c 2 rotation operation because samples can be rotated by any angle in experiments.
In compounds with the space group P 2 1 3, the chiral multifold fermions located at Γ and R have four-fold and six-fold degeneracy, respectively [1] [2] [3] [4] [5] [6] . Similar to Weyl fermions, these two types of chiral multifold fermions can be described in a unified form using the Hamiltonian H = χ k · S, with χ = ±1 [2] and the pseudospin matrix following [S i , S j ] = i ijk S k . The four-fold degeneracy at Γ points is a spin-3/2 excitation with a 4 × 4 pseudospin matrix, and the topological charge has a Chern number of ±4 when the two lower bands are occupied. The sixfold degeneracy at the R point is constructed by double spin-1 Weyl fermions and a doubly degenerate quadratic band; hence, the 3 × 3 pseudospin matrix can be used to describe this six-fold degeneracy, as shown in Fig. 1(e ). Since the spin-1 Weyl fermions have a Chern number of ±2, the corresponding topological charge for double spin-1 Weyl fermions is ±4, making the whole system follow a "no-go theorem." For both spin-1 and spin-3/2 excitation, the sign of the topological charge is dependent on the sign of the prefactor χ. eration, H( k) is changed to H(− k). While keeping the form of energy dispersion, chirality changes the sign, as is evident from a comparison of Fig. 1 (c-f).
Though the chirality of a multifold fermion is reversed by the inversion operation, time-reversal symmetry makes the net Berry phase zero in the entire BZ. Therefore, the anomalous Hall effect cannot be used to probe the change of chirality. However, the second-order responses are odd with respect to inversion, which provides the possibility to detect the change in chirality of multifold fermions of semimetals in anti-crystals.
There are mainly two types of transports based on second-order responses: nonlinear optical effects and the nonlinear Hall effect from Berry curvature dipole [15] [16] [17] [18] [19] . The specific crystal symmetry makes the off-diagonal elements of the nonlinear Hall conductivity tensor zero, and only one independent diagonal element is allowed. However, owing to time-reversal symmetry,
makes the trace of Berry curvature dipole zero; consequently, nonlinear Hall effects from Berry curvature dipople vanish in materials belonging to the space group P 2 1 3. Therefore, we will take the second-order optical transports, CPGE and the linear photogalvanic effect (LPGE), to investigate responses to the reversal of chirality of multifold fermions. In crystals without an inversion center, polarized light can generate a photocurrent in the material [15] [16] [17] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In contrast to the photovoltaic effect in p-n junctions, the photovoltaic effect induced by polarized light is dependent only on the bulk band structure and not limited by the band gap. Therefore, the polarizedlight-induced photoelectric effect is also called the bulk photovoltaic effect (BPVE). Depending on the polarization of incident light, the photocurrent can be classified into two types: an injection current induced by circularly polarized light d ja dt = χ C,a bc (0, ω, −ω)E b (ω)E c (−ω) and a shift current induced by linearly polarized light [17] , where E i(j,k) (ω) is the electrical field with i, j, k = x, y, z.
First, we check the response of the local k-space distribution of these two nonlinear optical conductivities to the inversion of chirality. The CPGE tensor is purely imaginary and can be written as [17] 
and the LPGE tensor is real and can be written as [17] χ L,a bc (0, ω, −ω) = ie 3 π V 
where f k k,nm = f k n − f k m is the difference of the Fermi-Dirac distribution between two bands, E k,mn = E k,n − E k,m is the energy difference between the bands, v a k,nm = 1 < n|∂ aĤ |m > is the velocity matrix, ∆ a k,nm = v a k,nn − v a k,mm is the Fermi velocity difference between the bands, and ω ab k,nm = 1 2 < n( k)|∂ 2 ab H|m( k) >. For the convenience of analysis of the microscopic relationship between the band structure and second-order conductivity, we set For the second-order response, j a = χ a bc E b E c , the sign of the conductivity χ will become negative on inverting each of the coordinate indices. For the specific space group P 2 1 3, the glide c 2 rotation symmetry s 2z changes the sign of the optical conductivity tensor with the zindex appearing an even number of times, making them zero. Similarly, when the x-or y-index appears an even number of times, the elements with the index vanish because of s 2x or s 2y , respectively. Furthermore, owing to the D 2 subgroup, the three indexes yield the same optical conductivity, and only one nonzero independent tensor element of each index remains for both second-order CPGE and LPGE: χ
. Thus, taking the six-fold degeneracy at the R point as an example, we analyze the changes of distribution functions of χ C(L),x yz ( k; 0, ω, −ω) with respect to the inversion operation.
As discussed above, the chirality of the chiral fermions change the sign of counterpart crystal structures with opposite chirality. Accordingly, since the chiral fermions are Berry curvature monopoles, the Berry curvatures at a given k-point around the six-fold degenerate points are also opposite in two lattice crystal structures with inverted chiralities, as shown in in Fig. 2(a) for Ω z .
The chirality of the Berry curvature is also related to the correlation between the band structure and polarized light. As shown in Fig. 2(b) and (c), when the Fermi level is at the linear crossing point, two transitions exist for a selected transition energy in the k z = 0 plan. These two transitions form two hot rings for both distribution functions,χ C,x yz ( k; 0, ω, −ω) andχ L,x yz ( k; 0, ω, −ω), as shown in the upper panels of Fig. 2(c) and (d) . The positions of the hot rings remain the same after the inversion operation, but their signs switch, as shown in the bottom panels of Fig. 2(c) and (d) .
To check the second-order optical conductivity, the distribution functions must be integrated over the entire BZ. By employing the Hamiltonian of the tight-binding model [3] , we calculated the second-order conductivity tensor, which fully is consistent with the symmetry constrained tensor shapes. Owing to the large separation of the opposite-chirality fermions in energy space, the trace of CPGE is a quantized value in units iπ e 3 h 2 . In Fig. 3(a) , we show the transition-energy-dependent CPGE for χ C,x yz , corresponding to β xx in Ref. [8] . Since we only take one component of the trace term, a third of the quantized value exists in the range of ∼0.1 to ∼0.8 eV. On inverting the crystal structure to its counterpart with opposite chirality, the sign of CPGE changes. Therefore, for circularly polarized light with a specific helix, the generated voltage drop is opposite for the same type of chiral fermions with left-and right-handed chirality. We present a schematic setup for the experimental measurement of χ C,x yz as an example. On applying circularly polarized light along the x direction, with its electrical field locked in the y − z plane, an injection current along −x is generated. When using the same circularly polarized light along the same direction for the same compound with opposite chirality, the sign of the injection current changes, as shown in Fig. 3(b) and (c). Though the LPGE is not quantized, a strong shift current is expected in this class of chiral crystals because of the strong inversion-symmetry breaking [29] . By applying linearly polarized light in the same direction, a shift current along x is generated, and a sign change occurs for its anti-crystal, as shown in Fig. 3(d-f) . The sign change of the strong signal of shift current can be easily detected.
In summary, the switch of chirality of chiral multifold fermions is related to the sign change of charge currents generated by second-order electrical and optical responses. This relationship provides an effective bulktransport approach to experimentally identify the chirality of chiral fermions of the same type, as well as the relationship between the chirality of chiral fermions in reciprocal space and the crystal structure in real space.
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